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Ishlinskii [ 1] proposed a version of the theory of plasticity assuming
that the yield surface moves as a rigid body. Later on Prager [2] in-
dependently discussed the same idea in application to the kinematic models
interpreting the behavior of plastic systems. In [3,4] the possibility
of analytic formulation of a law of anisotropic hardening has been
studied as proposed by Ishlinskii and Prager. The presemt note studies
the law of anisotropic hardening in the formulation of the paper [4].

It is shown that the version of the anisotropic hardening body propos-
ed in [ 4] leads to equations of the hyperbolic type, extending the
quantitative feature of the ideally plastic material to the case of hard-
ening bodies. In this note relations, corresponding to the plane state
of strain and likewise to three-dimensional problems, are considered. In
the last case, it is assumed that the state of stress corresponds to an
edge of the yield prism generalizing in accordance with [4 ] the Tresca
plasticity condition.

The case of plane strain will be considered first. The basic relations
may be given the form [ 4]

do, 07y, o, s
2z Ty =0 "52-"-%-@":0 (1)
(o — cex) — (o) —ce WP + & (7, — e, =4k, k, ¢ = const (2)
de, de, de,
(o —ce ) —(o, —¢ce,, ~ (o, —ce)—(o,—ce) ~ 2 (T —ctyy) @)

The conditions (1)-(3) must be augmented by the conditions of com-
patibility of deformation

do de, de,, o e, 92,
oz — oy + Ox =0, ‘73;—'*' dx — By =0 )
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where
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For the following the notation €p=—€, =€, €, =Y will be intro-
duced. The condition (2) will be satisfied by writing

€x

0z =p+kcos28 +ce, o,=p—kcos20 —ce, T, =ksin20 + cy )
Substituting (5) into (1), one finds
) a0 90 a
—5—5—2k8in29—8;+2k00820'5y—+ c?’-f-—!-c %:0
d 29
-af:;+2kc0320%+2ksin207&-—c%+c%:O (6)

These relations must be supplemented by (3) and (4) which assume the
forms

de sin 20 — d7 c08 20 = 0 )
do & N do o &
%z o t o =0 Py " or oy =9 @)

It is readily verified that the five equations (6), (7) and (8) for
the five unknowns p, 0, ¢, y, @ are of the hyperbolic type with the
characteristics given by

dy—tg(0 & 3-x)dr =0 )
Let

dg =dycos(0+r}w)—d1: sin (0 +%u) dn:dycos(ﬂ—— -:—u) — dz 8in (0—'—:-1:)

Along the characteristics one has relations, generalizing the well-

known Hencky relations
(10)

op 00 (0 Ka op  ,, 00  (oc A
3t _2"85_"(811 c0s 20 4 31;8"’20)=0 F +2k6‘n “"(ag cos 204 a—sln:zo)::()

It will be noted that de cos 20+ dy sin 20= dy *, where dy * is
the shear strain along the characteristic.

It follows from Equation (7) that the relations of Geiringer apply,
asserting the absence of extension along the characteristics.

Next, the three-dimensional problem will be considered. By [4] and
[51 the condition of plasticity will be written

[(o, — ce;) — (o — ce) + 2/3k} [0, — ce,) — (5 — ce) + 2/3 k] = (Ty —ce))* (mur) (11)
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where 0 = 1/3(0_ + o, +0 L)y e =13+ €yt € ,)- The symbol (xyz) de-
notes that the remammg relatlons are obtalned by means of cyclic per-
mutation of the subscripts.

Further, one has to use the transformation of variables
o, =p+2kcos? 0, +ce,, Ty, =2kcos8, cosO, + e, (2yz) (12)

Substituting (12) in the equilibrium equations

8o, 07y, Oty '
3 T 30 Yy az =0 (yz) (13)
and supplementing them by the condition cos20 = coszo + cos20_= 1, the

relations of the law of plastic flow [6 ]

de, + de, + de, = C

— g, —o0 4 2/3k 6 —ce,—6+2/3k
de, + dey, %u ! il + dey, £ z T2Rk
Yxy T Exy Txz ™ Bz
—ce.—o - 23k —ce, —0c + 23k
e, S T T EON | e e, 2T T O H IR
“.'xy —_— Cexy Tuz - Ceuz
— CE, — 23k —ce, — 23k
e=de_, O "ot is + dey, %y y o+ + de, (14)
Txz T CCxz Tyz — ¢Cy2
and the conditions of strain compatibility
dw_, 6eu 6suz dw de e _
=z _ ¥, ¥ _xX,_* ¥ __ 1
oy — 9z t Ty 52 T oy — oz =0 (3 (19)

one obtains a system of thirteen equations for the thirteen unknowns p,

o (xyz). It is readily verified that this system belongs to
the ﬁyperﬁollc type and that its characteristic determinant may be written
in the form

(grad ¢m) (2 grad ¢m)? — (grad 4y} = 0 (16)

where ¢ is the equation of the characteristic surface, n = cos 6 A+
cos 0’,1 + cos 0 k.

Thus, it has been shown that the generahzatlon of the relations of
the theory of ideal plasticity, proposed in [4 ], permits extension of
the quantitative feature of the solutions of the theory of the ideally
plastic body to the case of anisotropically hardening materials. In a
certain manner this circumstance corresponds to experimental evidence:
formation of Luder lines and slip surfaces.
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It is known that the relations of the laws of the deformation theories
of isotropic hardening reduce to equations of the elliptic type, compli-
cated from the point of view of practical application; by the character
of their assumptions the theories of isotropic hardening are of little
use for the description of the actual behavior of plastic bodies, which
is invariably accompanied by anisotropic hardening. The laws of the de-
formation theories of isotropic hardening essentially correspond in
nature to isotropic nonlinearly elastic bodies.

The above results show that the simultaneous study of the effects of
anisotropy and hardening may lead to a simplification of mathematical
problems.
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